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Abstract: This paper presents a controller design methodology using Model Reference Adaptive System (MRAS) 

technique for a multi input multi output (MIMO) coupled tank system using Lyapunov design approach. Adaptation 

law designed using Lyapunov approach, ensures the stability of the system and the system has better transient response. 

Mathematical modeling of a coupled tank system has been presented in this paper. The change in the response of the 

system with the change in the value of adaptation gain parameters has also been studied. Simulation using MATLAB 

has been carried out to show the behavior of the system after applying the control algorithm. 
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I. INTRODUCTION 

 

Among various approaches used in adaptive control, 

Model Reference Adaptive Control (MRAC) system is 

one that has been used widely [1]. Direct and Indirect 

approaches can be used to design model reference 

adaptive system [2]. In direct approach, controller 

parameters are directly estimated [2]. In the present paper, 

direct approach has been used to design the adaption laws. 

 
For the estimation of controller parameters in adaptive 

control system adaptation laws can be designed using 

various methods [3]. In this paper, adaptation laws are 

designed based on Lyapunov method. Lyapunov approach 

guarantees the stability of the system and gives better 

transient response characteristic compared to MIT rule [3]. 

 

Regulating the level of liquid in tanks and rate of flow of 

liquid from one tank to another tank in coupled tank 

system is one of the basic control problems in process 

industries [4]. Under fixed operating conditions, 
conventional PID controllers can be used optimally where 

PID parameters can be tuned using various algorithms 

such as Ziegler-Nichols method. But under dynamic 

conditions where operating condition changes PID 

controller operates under sub-optimal condition if PID 

parameters remains unchanged [4]. This requires the use 

of adaptive system such as model reference adaptive 

system [5]. In [4] MRAC and Modified MRAC system 

using MIT rule has been presented for SISO (Single Input 

Single Output) coupled tank system. In [5] direct model 

reference adaptive control based on Command Generator 

Tracker (CGT) approach on a nonlinear model of SISO 
coupled tank system has been presented. In [6] control 

algorithm based on Hankel norm for MIMO coupled tank 

system has been given. 

 

This paper is organized as follows: In section II, an 

overview on MRAC and Lyapunov theory for controller 

parameter adaptation purpose is given. In section III, a 

MIMO coupled tank system and its mathematical  

 

 

modeling is given. In section IV, control algorithm has 

been designed using Lyapunov theory. In section V, 

simulation results are given.  And Section VI concludes 

the effect of adaptation gains based on the simulation 

results obtained.  

 

II. MODEL REFERENCE ADAPTIVE CONTROL 

 
A reference model has been chosen based on the required 

specifications in model reference adaptive system [2]. The 

output of both plants, the reference model and the actual 

plant, has been compared and an error called as tracking 

error can be obtained. Fig.1 shows the general schematic 

structure of MRAC system. 

 

 
Fig. 1.Block diagram of MRAC 

 

This error signal obtained is applied at the input of the 

plant as feedback, after passing it through the block that 

changes the parameter of the controller. The parameters of 

the controller are then adjusted itself until error becomes 

zero [7]. 

 

A. Lyapunov Theory 

The nonlinear differential equation as given below is 

investigated by Lyapunov [7]. 
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 xf
dt

dx
            where,   00 f            (1) 

 

As   00 f , the equation:   0tx  has the solution. 

If any positive definite (pd) Lyapunov function 

RRV n :  exists such that for the solution of (1) the 

derivative of Lyapunov function ''V is negative semi 

definite (nsd), then the solution is stable. If derivative of 

Lyapunov function ''V  is negative definite (nd), then the 

solution is asymptotically stable [6]. 
 

Assume the linear system as given below 

Ax
dt

dx
         (2) 

 
If this system is asymptotically stable, then according to 

the Lyapunov equation given as  

QPAPAT          (3) 

 

A symmetric positive definite matrix ''P is obtained for 

each symmetric positive definite matrix ''Q [7]. 

 

III. MATHEMATICAL MODELING OF A MIMO 

COUPLED TANK SYSTEM 

 

Fig.2 shows the structure of the two coupled tanks [6]. 

 Fig. 2.Structure of MIMO coupled tanks 

 

where, 

21 & aa FF Fluid input flows, 

2121 &, eee FFF Fluid output flows, 

21 & AA Area of tank‟s base,  

21 & LL  Level of fluid in tank, 

21 & LTLT Level transducer, 

LIC  Controller and level indicator, 

21 & FVFV  Input flow control valves, 

2121 &, RRR  Hydraulic resistances 

The variation of liquid level in tanks can be given as [6]: 
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Equation (4) and (5) can be given as: 
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Then state space equation can be given as [6]: 















































































2

1

2

1

2

1

1222

122

122

1211211

121

2

1

1
0

0
1

1

1

a

a

F

F

A

A

L

L

RRA

RR

RA

RARRA

RR

L
dt

d

L
dt

d
  (9) 

 












































2

1

2

1

2

1

00

00

10

01

a

a

F

F

L

L

L

L
                 (10) 

 

The values of the plant parameters are given below in 

Table. I [6] 

 
TABLE I. Values of Plant Parameters 

 
Plant Parameter Values 

A1 0.8 

A2 0.4 

R1 0.5 

R12 0.3 

R2 1 

 

Putting the above plant parameters in (9) the state space 

equation can be obtained as [6]: 
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IV. DESIGNING OF CONTROL ALGORITHM 

 

A. Choosing Reference Model 

In model reference adaptive system, before designing the 

control algorithm for updating controller parameters, 

select the reference model depending on our desired 

requirements.  

 

Suppose our requirement is to make coupled tanks system 

to operate as a decoupled tanks system having rise time 

less than 2 seconds and overshoot less than .01%. To 
achieve this reference model can be given as: 
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B. MRAC using Lyapunov Theory 

The state space equation of the reference model given in 

(12) can be given by [2]: 

rBxAx mmmm 


           (14) 

 

where nn
m RA  is a stable matrix, qn

m RB  ,
qRr is a 

bounded reference input vector, and „n‟ is the order of the 

plant. 

Let us consider that the state space equation of the plant 

model is given as: 

uBxAx pppp 


           (15) 

 

where 
qn

p
nn

p RBRA   , are unknown constant 

matrices and (A, B) is controllable.  

 

Suppose plant parameters are known. Then control law 
can be given as [2]: 

rNxMu p
              (16) 

 
Putting control law from (16) in (15), close loop plant 

obtained can be given as [2]: 

  rNBxMBAx ppppp




                  (17) 

 

where qqnq RNRM   & are controller parameters 

Comparing (14) and (17) 

  mpp AMBA  
                                (18) 

 

mp BNB 
                       (19) 

 

But (18) and (19) cannot be used directly for finding out 

controller parameters if plant parameters are unknown. For 

unknown plant parameters, adaptation laws have to be 

designed which is as follows [2]: 

Let,  NrMxu p 
  

                  (20) 

 

By adding and subtracting the desired input term 

 rNxMB pp
   in (15) and utilizing (18) and (19), 

the state space equation of the plant can be obtained as 

given below: 

 urNxMBrBxAx ppmpmp  


          (21) 

 

Substitute (20) in (21) 

 rNxMBrBxAx ppmpmp

~~




    (22) 

 

where    MMM
~

    &         NNN
~

 

Subtracting (14) from (22) 

 rNxMBA ppm

~~




     (23) 

Substituting (19) in (23) 

 rNxMNBA pmm

~~1





        (24) 

 

Suppose the Lyapunov function given below [2]: 

   NNMMtrPNMV TTT ~~~~~
,

~
,        (25) 

 

where 
TPP  ˃ 0  satisfies the lyapunov equation  

QPAPA m
T
m       (26) 

 

 for some 
TQQ  ˃ 0 . Then, 
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   (27) 

 

Now, 

 lxPBMtrxMNPB T
p

T
m

T
pm

T sgn]
~

[
~1

 
  

     And 

 lrPBNtrrNNPB TT
m

T
m

T sgn]
~

[
~1

 
  

Therefore, for adaptation laws given below [2]: 

 lxPBMM T
p

T
m sgn

~




     (28) 

 lrPBNN TT
m sgn

~




                   (29) 

 

Equation (27) can be simplified as: 

 QV T


      
Hence (28) and (29) can be successfully used to update 

controller parameters.  

Equation (28) and (29) is slightly modified by multiplying 

gain constant in order to improve the response of the 

system [3] and can be given as: 

 lxPBMM T
p

T
m sgn

~
1 



    (30) 

 lrPBNN TT
m sgn

~
2 



      (31) 

 

where 21 & are called as adaptation gains.
 

If N is „pd‟ then  1l  , and if N is „nd‟ then 1l   
[2] 

Solving (26) for 









10

01
Q  we get symmetric matrix. 











25.00

025.0
P

 
 

V. SIMULATION RESULTS 

 

This section comprises of the simulation results obtained 

through MRAC system. Fig.3 and Fig.6 shows the liquid 

level in coupled system when only input Fa1 is applied for 

two different sets of adaptation gains. Fig.4 and Fig.7 

shows the liquid level in the coupled tank system when 

only input Fa2 is applied. Fig.5 and Fig.8 shows the liquid 
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level in coupled tank system when both Fa1 and Fa2 are 

applied for different adaptation gains. 
 

A. When 10,10 21    

 

 
Fig. 3.Plant output for Fa1=1, and Fa2=0 

 

 
Fig. 4.Plant output for Fa1=0, and Fa2=1 

 

 
Fig. 5.Plant output for Fa1=1, and Fa2=1 

 

B. When 1000,100 21    
 

 
Fig. 6.Plant output for Fa1=1, and Fa2=0 

 
Fig. 7.Plant output for Fa1=0, and Fa2=1 

 

 
Fig. 8.Plant output for Fa1=1, and Fa2=1 

 

VI.  CONCLUSION 
 

From Fig.3 and Fig.4 it can be seen that when only one 

input is applied then the time domain specifications such 

as rise time, settling time are higher for plant model 

compared to reference model for low adaptation gains. If 

we increase the value of adaptation gains the time domain 

specifications of the plant reduces and the plant follows 

reference model more appropriately as can be seen in 

Fig.6 and Fig.7. Thus it can be concluded that the response 

of the system improves by increasing the value of 
adaptation gains. 
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